An analysis of a single-domain magnetic needle (MN) in the presence of an external magnetic field B is carried out with the aim of achieving a high precision magnetometer. We determine the uncertainty ∆B of such a device due to Gilbert dissipation and the associated internal magnetic field fluctuations that give rise to diffusion of the MN axis direction n and the needle orbital angular momentum. The levitation of the MN in a magnetic trap and its stability are also analyzed.
A rigid single-domain magnet with large total spin, e.g., S ≃ 10 12 , can be used as a magnetic needle magnetometer (MNM). Recently Kimball, Sushkov and Budker [1] predicted that the sensitivity of a precessing MNM can surpass that of present state-of-the-art magnetometers by orders of magnitude. This prediction motivates our present study of MNM dynamics in the presence of an external magnetic field B. Such analysis requires inclusion of dissipation of spin components perpendicular to the easy magnetization axis (Gilbert damping) . It is due to interactions of the spin with internal degrees of freedom such as lattice vibrations (phonons), spin waves (magnons), thermal electric currents, etc. [2, 3] . Once there is dissipation, fluctuations are also present [6] , and result in a source of uncertainty that can affect the accuracy of the magnetometer. Here we determine the uncertainty in the measurement of the magnetic field by a MNM. We also analyze a related problem concerning the dynamics of the needle's levitation in an inhomogeneous magnetic field, e.g., a Ioffe-Pritchard trap [8] .
The Hamiltonian for a MN, treated as a symmetric top with body-fixed moments of inertia I X = I Y ≡ I = I Z , subject to a uniform magnetic field B is,
where a hat denotes quantum operator. In the rotational Hamiltonain H R ,L is the orbital angular momentum operator andL Z =L ·Ẑ is its component along the bodyfixed symmetry axis.Ŝ is the needle spin angular momentum operator, andn is the operator for n that is the unit vector in the direction of the easy magnetization axis. The frequency appearing in the anisotropy Hamiltonian H A [4] is ω 0 = 2γ 2 KS/V , where K is the strength of the anisotropy, V is the needle volume, and γ = gµ B / is the gyromagnetic ratio, in which µ B is the Bohr magnetron, and g is the g-factor (taken to be a scalar for simplicity). In the expression for the Zeeman Hamiltonian H B ,μ = gµ BŜ is the magnetic moment operator. The Heisenberg equations of motion arė
whereĴ =L+Ŝ is the total angular momentum operator and I is the moment of inertia tensor. The dynamics of a MN can be treated semiclassically because S is very large. A mean-field approximation [9] [10] [11] is obtained by taking quantum expectation values of the operator equations and assuming that for a given operatorÂ, the inequality Â2 − Â 2 ≪ | Â | holds,
(an assumption warranted for large S). Hence, the expectation values of a product of operators on the RHS of Eqs. (2)- (5) can be replaced by a product of expectation values. The semiclassical equations are equivalent to those obtained in a classical Lagrangian formulation. Dissipation is accounted for by adding the Gilbert term [2, 4] −αS × (Ṡ/ − Ω × S/ ) to the RHS of the expectation value of Eq. (2) and subtracting it from the RHS of Eq. (3). Here α is the dimensionless friction parameter, and the term Ω × S transforms from body fixed to space fixed frames. Note that Gilbert damping is due to internal forces, hence J is not affected and Eq. (4) remains intact.
It is useful to recast the semiclassical dynamical equations of motion in reduced units by defining dimensionless vectors: the unit spin m ≡ S/S, the orbital angular momentum ℓ ≡ L/S, the total angular momentum, j = m + ℓ and the unit vector in the direction of the magnetic field b = B/B: m = ω B m×b+ω 0 (m×n)(m·n)−αm×(ṁ−Ω×m), (6) 
where the angular velocity vector Ω is given by
Here ω B = γ|B| is the Larmor frequency, ω 1 = S/I X , and ω 3 = S/I Z . Similar equations were obtained in Ref. [5] , albeit assuming that the deviations of n(t) and m(t) from b are small. We show below that the dynamics can be more complicated than simply precession of the needle about the magnetic field, particularly at high magnetic fields where nutation can be significant. For the numerical solutions presented below we are guided by Ref. 1, which uses parameters for bulk cobalt, and take ω 1 = 100 s −1 , ω 3 = 7000 s −1 , anisotropy frequency ω 0 = 10 8 s −1 , Gilbert constant α = 0.01, temperature T = 300 K, and N = S/ = 10 12 . First, we elucidate the effects of Gilbert dissipation, and consider the short time behavior in a weak magnetic field, ω B = 1 s −1 . The initial spin direction is intentionally chosen not to be along the easy magnetic axis; Figure 1 (a) shows the fast spin dissipation as it aligns with the easy axis of the needle, i.e., m(t) → n(t) after a short time, and Fig. 1(b) shows relaxation of the oscillations in ℓ(t), while ℓ x (t) and ℓ y (t) approach finite values. Figure 1(c) shows the inner product m·n, which clearly tends to unity on the timescale of the figure. Increasing α leads to faster dissipation of m(t), but the short-time saturation values of both m(t) and ℓ(t) are almost independent of α.
We consider now the long time dynamics (still in the weak field regime) and take the initial value of the spin to coincide with the easy magnetization axis, e.g.,
, with all other parameters unchanged. The spin versus time is plotted in Fig. 2(a) . The unit vectors m(t) and n(t) are almost identical, and since their z-component is nearly zero, they move together in the x-y plane. In this weak field case, the nutation is small, and the fast small-oscillations due to nutation are barely visible. The orbital angular momentum dynamics is plotted in Fig. 2 Figure 3 shows the dynamics at high magnetic field (ω B = 10 5 s −1 ) with all the other parameters unchanged. Figure 3 (a) shows m versus time, and now the nutation is clearly significant. For the high magnetic field case, m(t) is also almost numerically equal to n(t). ℓ(t) is plotted in Fig. 3(b) . Its amplitude is very large, ℓ(t) ≈ 40 m(t). However, its oscillation frequency is comparable with that of m(t). In contrast with the results in Fig. 2 , here, in addition to precession of the needle, significant nutation is present, as shown clearly in the parametric plot of the needle spin vector m(t) in Fig. 3(c) .
We now determine the uncertainty of the MNM due to internal magnetic field fluctuations related to the Gilbert damping. A stochastic force ξ(t), whose strength is determined by the fluctuation-dissipation theorem [6] , is added to Eq. (6), in direct analogy with the treatment of Brownian motion where both dissipation and a stochastic force are included [12] :
ξ(t) is internal to the needle and therefore it does not affect the total angular momentum j directly, i.e., ξ(t) does not appear in Eq. (9) [since the term −m × ξ is also added to the RHS of (7)]. However, as shown below, ξ(t) affects ℓ as well as m, causing them to wobble stochastically. This, in turn, makes j stochastic as well via the Zeeman torque [see Eq. (9)]. The fluctuation-dissipation theorem [6] implies where N = S/ , and the last approximation is obtained under the assumption that ω ≪ k B T . Note that Eq. (11) should be solved together with Eqs. (8) and (9) .
The presence of the anisotropy term in Eq. (11) makes numerical solution difficult for large ω 0 . Hence, we consider a perturbative expansion in powers of λ ≡ ω 1 /ω 0 : m(t) = n 0 (t) + λ δm(t) + . . ., n(t) = n 0 (t) + λ δn(t) + . . ., j(t) = j 0 (t) + λ δj(t) + . . .. Since ω 0 is the largest frequency in the problem, the inequalities αω 0 ≫ ω B , ω 1 , ω 3 hold. Moreover, the Gilbert constant α is large enough to effectively pin m(t) to n(t) [hence j(t) = ℓ(t) + m(t) ≈ ℓ(t)+n(t)]. Therefore, an adiabatic approximation to the set of dynamical stochastic equations can be obtained. The zero order term in λ reads:
where Ω was approximated by (8) and (10) in obtaining (13) [7] . The solution to Eqs. (13) [for times beyond which Gilbert dissipation is significant so m(t) ≈ n(t)] is very close to that obtained from Eqs. (6)- (8). Expanding Eq. (11) in powers of λ and keeping only the first order terms (the zeroth order term on the LHS vanishes since m 0 = n 0 ), we get: (14) and from Eqs. (8) and (9) we find
To first order in λ, δn ⊥ n 0 (since n must be a unit vector), and δm ⊥ n 0 , hence δη ⊥ n 0 . Therefore, δη
Equations (13), (16) and (17) form a closed system of stochastic differential equations [upon using Eq. (14) to substitute for δη × n 0 on the RHS of Eq. (16)]. With the largest frequency ω 0 eliminated, a stable numerical solution is obtained. Moreover, for small magnetic field (where ω B is the smallest frequency in the system), an analytic solution of these equations is achievable. To obtain an analytic solution to Eqs. (13), let us transform to the frame rotating around B with frequency ω B to get equations of the form
If the initial condition is n 0 (0) − j 0 (0) + (ω B /ω 1 )b = 0, then, in the rotating frame j 0 (τ ) and n 0 (τ ) are constant vectors. Note that this initial condition is only slightly different from the "ordinary" initial condition n 0 (0) = j 0 (0) since (ω B /ω 1 ) ≪ 1 for small magnetic fields. Hence, in the rotating frame,
With the special initial condition being satisfied, Eq. (14) becomes δη × n 0 = −(1/ω 1 )n 0 × ξ, and Eqs. (20)- (21) become a set of first order differential equations with time-independent coefficients. Their solution for initial conditions, δn(t = 0) = 0, δj(t = 0) = 0 is,
where the constant matrix C = A −A −B B has dimension 6×6 and the 3×3 matrices A and B are given by
Without loss of generality we can choose n 0 =ẑ and b = ω B (cos θẑ+sin θx), where θ is the angle between the easy magnetization axis and the magnetic field. In this basis, δη x δη x ω = δη y δη y ω ≈ ω . We are particularly interested in the quantities δn 2 y (t) ≡ δn y (t)δn y (t) and δj 2 y (t) ≡ δj y (t)δj y (t) because, in the basis chosen above, the y-axis is the direction of precession of n 0 around b. Using Eq. (22) we obtain δn 2 y (t) ≈ t ω 2 1 S a (ω ∼ ω 1 ). Assuming the precession of n is measured, [or equivalently, the precession of m, since they differ only for short timescales of order (αω 0 )
−1 ], the uncertainty in the precession angle is (∆ϕ) 2 ≈ t ω . Equivalently, the magnetic field precision is,
For the parameters used in this paper we find ∆B ≈
Tesla (independent of ω B ). This result should be compared with the scaling ∆B ∝ t −3/2 obtained in Ref. 1 . Therein, the initial uncertainty of the spin direction relative to the needle axis was estimated from the fluctuation-dissipation relation and the deterministic precession resulted in the t −3/2 scaling of the precession angle uncertainty (in addition this angle was assumed to be small). In contrast, we consider the uncertainty acquired due to Gilbert dissipation during the precession, allowing the precession angle to be large. Thus, the standard 1/ √ t diffusion scaling is obtained and dominates for times that are even much longer than those considered in Ref. 1. In the Supplemental Material [13] we discuss three relevant related issues. (a) The time at which diffusion stops because equipartition is reached (we estimate the time when the energy stored in stochastic orbital motion becomes of order k B T ). (b) The uncertainty of the magnetic field for experiments in which the fast precession of n around j is averaged out in the measurement, and the diffusion of j determines ∆B. (c) We consider the related problem of the dynamics and stability of a rotating MN in an inhomogeneous field (e.g., levitron dynamics in a Ioffe-Pritchard trap [14, 15] ).
In conclusion, we show that ∆B due to Gilbert damping is very small; external noise sources, as discussed in Ref. [1] , will dominate over the Gilbert noise for weak magnetic fields. A closed system of stochastic differential equations, (13) , (16) and (17), can be used to model the dynamics and estimate ∆B for large magnetic fields. A rotating MN in a magnetic trap can experience levitation, although the motion does not converge to a fixed point or a limit cycle; an adiabatic-invariant stability analysis confirms stability [13] .
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In this supplemental material we expand the discussion of the main text [1] and address the following three issues. (a) The time τ e at which the diffusion of the magnetic needle axis direction n and the magnetic needle orbital angular momentum ℓ stops because equipartition is reached, i.e., we estimate the time required for the energy stored in stochastic orbital motion to become of order k B T . (b) The uncertainty ∆B of the magnetic field for experiments in which the fast precession of n around j is averaged out in the measurement process and the uncertainty ∆B is determined by the diffusion of j. (c) The dynamics of a magnetic needle in an inhomogeneous field, e.g., levitron dynamics of a rotating magnetic needle in a Ioffe-Pritchard trap [2] , see Refs. [3] [4] [5] .
(a): τ e can be estimated by noting that the diffusion determined in [1] stops once equipartition is reached. The energy ∆E stored in stochastic orbital motion is given by
where where N = S/ (note that δj − δn = δℓ). By requiring ∆E ∼ k B T we can estimate that the diffusion given by Eqs. (20-21) of [1] stops when τ e ∼ ω 2 0 /(αω 3 1 ) (this result can also be obtained by expanding Eq. (11) further in powers of λ ≡ ω 1 /ω 0 ). For the parameters used in [1] this is an extremely long time (τ e ∼ 10 12 s ∼ 5 years). Hence, we conclude that the diffusion of Eqs. (20) (21) ) and the error estimates given for ∆B in Ref. [1] are relevant for all reasonable times.
(b): In [1] we calculate ∆B assuming the experimental measurement follows the temporal dynamics of n and j. An alternative assumption is that the precession of n around j is averaged out by the measurement process and one measures the diffusion of j. For the latter we obtain the leading term
where S a (ω) is given in Eq. (23) of [1] . At θ = π/2 the leading contribution obtained in Eq. (2) vanishes and the remaining sub-leading term is
hence for θ = π/2 we obtain
whereas at θ = π/2,
Taking ω B = 1 s −1 we obtain ∆B ≈ Tesla for θ = π/2.
(c): A rotating magnet can be levitated in an inhomogeneous magnetic field [3] [4] [5] . This is possible despite Earnshaw's theorem [6] from which one can conclude that levitation of a non-rotating ferromagnet in a static magnetic field is not possible. Two important factors regarding magnetic levitation are the forces on the magnet and its stability (ensuring that it does not spontaneously slide or flip into a configuration without lift). The dynamics of a magnetic needle in an inhomogeneous magnetic field can be modelled using Eqs. (6), (7) and (8) of [1] augmented by the equations of motion for the center of mass (CM) degrees of freedom of the needle,
where r and p are the needle CM position and momentum vectors. Our numerical results show levitation of the magnetic needle when the initial rotational angular momentum vector of the needle is sufficiently large and points in the direction of magnetic field at the center of the trap. We shall see that the dynamical variables do not evolve to a fixed point or a simple cyclic orbit. Moreover, a linear stability analysis yields a 15×15 Jacobian matrix with eigenvalues having a positive real part, so the system is unstable. However, a stability analysis of the system using the adiabatic invariant |µ| |B| [3] does yield a stable fixed point (contrary to the full numerical results which show a more complicated levitation dynamics). Figure 1 shows the dynamics of the system over time in the trap. We use the same magnetic needle parameters used in Fig. 2 Figure 1(a) shows the needle CM position r(t) versus time. Fast and slow oscillations are seen in the x and y motion, whereas z(t) remains very close to zero. Figure 1(b) shows oscillations of the CM momentum p(t) with time. p x (t) and p y (t) oscillate with time, and p z (t) remains zero. Figure 1(c) plots the spin m(t) versus time. Initially, m(0) points almost in the −z direction, and the tip of the needle n(t) = m(t) carries out nearly circular motion in the n x -n y plane. Figure 1(d) plots the orbital angular momentum ℓ(t). The components ℓ x (t) and ℓ y (t) undergo a complicated oscillatory motion in the ℓ x (t)-ℓ y (t) plane but ℓ z (t) ≈ ℓ z (0). Figure 1 (e) is a parametric plot of m(t); the motion consists of almost concentric rings that are slightly displaced one from the other. The full dynamics show levitation but they do not converge to a fixed point or a limit cycle.
Quite generally, for a system of dynamical equations,ẏ i (t) = f i (y 1 , . . . , y n ), i = 1, . . . n, a linear stability analysis requires calculating the eigenvalues of the Jacobian matrix evaluated at the equilibrium point y * where f (y * ) = 0, J ij = ∂fi ∂yj y * [7] . The system is unstable against fluctuations if any of the eigenvalues of J ij have a positive real part. Equations (6), (7) and (8) of [1] together with Eqs. (6) and (7) above have a Jacobian matrix with eigenvalues whose real part are positive, so the linear stability test fails. However, if the Zeeman force −∇H Z in Eq. (6) is replaced by the gradient of the adiabatic invariant, µ · ∇|B(r)|, none of the eigenvalues of the Jacobian matrix have a positive real part and the system is linearly stable, i.e., the stability analysis using the adiabatic-invariant predicts stability. Note that substituting the adiabatic invariant for the Zeeman energy in the full equations of motion yields r(t) and p(t) vectors that are constant with time and n(t), m(t) and ℓ(t) are similar to the results obtained with the full equations of motion (but the parametric plot of m(t) is a perfectly circular orbit). Thus, adiabatic-invariant stability analysis of a rotating magnetic needle in a magnetic trap confirms stability of its levitation as obtained in the numerical solution of the dynamical equations. 
